Abstract. In this paper, the author studies the k-th commutators of oscillatory singular integral operators with a BMO function and phases more general than polynomials. For 1 < p < ∞, the L p -boundedness of such operators are obtained provided their kernels belong to the spaces L(log + L) k+1 (S n−1 ). The results of the corresponding maximal operators are also established.
Introduction
Let us consider the following oscillatory singular integral operator
R n e iΦ(x,y) Ω(x − y) |x − y| n f (y)dy, where R n denotes the n-dimensional Euclidean space (n ≥ 2), Φ(x, y) is a suitable mapping on R n ×R n , Ω(x) is homogeneous of degree zero and has mean value zero on the unit sphere S n−1 of R n . As well-known, operators of the type (1.1) have arisen in the study of singular integrals on lower dimensional varieties and the singular Radon transform. For the background information about these operators, we refer the readers to consult [12, 13, 14] . When Φ(x, y) = P (x, y) is a real-valued polynomial mapping on R n × R n , we denote T Φ by T P . The class of operators T P was first studied by Ricci and Stein [12] . They proved that the operator T P is bounded on L p (R n ) for all 1 < p < ∞ provided that Ω ∈ C 1 (S n−1 ). Later on, the condition Ω ∈ C 1 (S n−1 ) was relaxed to Ω ∈ L q (S n−1 ) for some q > 1 by Lu and Zhang [10] . Subsequently, this result was improved by many authors (see [1, 2, 7, 9] et al.). It is worth pointing out that Al-Salman et al [1, 2] where φ j : R n −→ R is a homogeneous function which is real analytic on S n−1 , and P j is a real-valued polynomial on R n . It is clear that the class of such functions Φ contains properly the class of all real-valued polynomial mapping P on R n × R n . Al-Salman et al [1, 2] 
q (S n−1 ) for some q > 1, where B 0,0 q denotes the block space introduced by Jiang and Lu [8] . The purpose of this paper is to study the higher order commutators related the oscillatory singular operators defined by (1.1). Let k be a positive integer, b ∈ BMO(R n ). Define the k-th order commutator T Φ b,k generated by T Φ and b as follows:
(the radial BMO function class), Ding and Lu [4] (resp., Lu and Wu [9] ) gave the weighted
. Subsequently, Ma and Hu [11] extended the result in [3] to the case of Ω ∈ L(log + L) k+1 (S n−1 ) for p = 2 (also see [15] for the other improvement). A natural question is whether
In this paper, we will give a affirmative answer for this question. In fact, we shall establish the more general result as follows. 
satisfies the assumptions in Theorem 1.1, but it is not a polynomial. Therefore, Theorem 1.1 extends the result of [11] by both expanding the range of the phase function "Φ" and the range of "p".
In addition, for the corresponding maximal operator defined by
we will also establish the following result.
Theorem 1.2. Under the same assumptions as in Theorem 1.1, we have
where C p is independent of the coefficients of the polynomials
This paper is organized as follows. In Section 2, we shall give some auxiliary lemmas. The proof of Theorem 1.1 will be given in Section 3. Finally, we will prove Theorem 1.2 in Section 4. We would remark that our some ideas in the proof of the main theorem are taken from [2, 10, 12] . Throughout this paper, we always use the letter C to denote a positive constant that may vary at each occurrence but is independent of the essential variable.
Auxiliary lemmas
In this section, we give some auxiliary lemmas, which will be needed in the proof of our main result.
Lemma 2.1 (see [6] ). Let Ω, b, k be as in Theorem 1.
and let λ e Ω,k = inf λ > 0 :
Lemma 2.3 (see [6] ). Let Ω, b, k be as in Theorem 1.1. Then the k-th order commutator of singular integral operator T b,k defined by
and the corresponding maximal operator defined by 
Thus we may assume that supp(f ) ⊂ I for some cube I with side length ε/8n and center at x 0 . Write 
By Lemma 2.1, we get 
Proof of Theorem 1.1
Employing the ideas of [2, 10] , which originated from [12] , we shall use induction on
where the infimum is taken over all representations of the form Φ(x, y) = l j=0 P j (x)φ j (y − x) with d j is the degree of P j and m j is the degree of homogeneity of φ j . Following the notation and the procedure in the proof of [2, Theorem 1.1], we proceed now to the proof as follows.
It is clear that if d(Φ)
Therefore, Theorem 1.1 directly follows from Lemma 2.3. Now we assume that Theorem 1.1 holds for all Φ with d(Φ) ≤ N . As the same as in [2] , given Φ(x, y) =
Without loss of generality, we may assume that deg(φ js ) = m js > 0. A straightforward calculation shows that
and functions ψ µ , 1 ≤ µ ≤ M , of the form x α η(y − x) for some multi-index α and a homogeneous function η of degree N + 1 − |α| which is real analytic on S n−1 . Then
and f δ (x) = f (δ −1 x). It is easy to see that the following hold:
, in order to complete the proof of our theorem, by (3.6) we need only to show that
where C is a constant independent of δ and the coefficients of the polynomials P j . Write
To prove (3.7), it suffices to show that
where C is a constant independent of δ and the coefficients of the polynomials P j .
At first, we prove (3.8). For h ∈ R n , let (3.10)
Since Ψ h,δ satisfies the induction assumption, by Lemma 2.4 we have
where C is a constant independent of δ and the coefficients of the polynomials P j , and hence of h. By (3.11) and the fact that
to prove (3.8), we need only to prove (3.12) (T where C is as in (3.11) .
Note that
by (3.2) and (3.5), for |x − h| < 1/4, we have
. Therefore, it follows from Lemma 2.1 that
holds for all h ∈ R n , with bound independent of h. Integrating the above inequality with respect to h yields (3.12) . This completes the proof of (3.8) .
It remains to prove (3.9) .
and our hypothesis on Ω now shows that l≥1
where
Consequently,
Invoking Lemma 2.2, we have the following crude estimates
Precisely, we shall show that there exists a positive constant ε = ε(n, N ) such that
To prove (3.17), we turn our attention to the following operators
|x − y| n f (y)dy. By dilation-invariance, it is easy to see that the proof of (3.17) can be reduced to showing that 
Let r be a large positive integer such that r > 2β −1 . Combining (3.15), (3.16) and (3.21) gives
where the last inequality follows from the following fact
This completes the proof of Theorem 1.1. 
